Optical digital tomographic microscopy can be used for profilometry. The profile of the surface can be estimated from measurements of the complex diffracted far field obtained when the sample is illuminated successively under various incidences. Outside the validity domain of perturbative theories of diffraction, the profile is determined by using an iterative inverse wave scattering numerical method. In this paper we show that, for perfectly conducting surfaces, the two fundamental polarization cases involve different distances of interaction in the multiple scattering phenomenon. The use of both polarization cases in the inversion process leads to a considerable improvement of the lateral resolution. Robustness to noise is also discussed.
INTRODUCTION
Optical digital tomographic microscopy (ODTM) is a quantitative three-dimensional imaging technique [1] in which the optogeometrical parameters of the object (permittivity, shape) are determined numerically by solving iteratively an inverse scattering problem. The data used in the numerical reconstruction of the object are the measurements of the field diffracted by the object illuminated successively under different angles [2] . In the inversion algorithm, different diffraction theories can be considered for describing the interaction between the electromagnetic field and the object. When the optogeometrical parameters of the object such as the Born approximation are valid, the object can be reconstructed directly by calculating a Fourier transform (FT) of the diffracted field. Different papers [3] 4-6] have reported theoretical and experimental results showing that, in this case, the synthetic aperture obtained by varying the incidence angle can lead to a resolution twice better than that of conventional microscopes. Outside the domain of validity of first-order approximations, when multiple scattering occurs in the sample, a resolution beyond the Abbe-Rayleigh criterion can be reached [7] [8] [9] [10] [11] . In this case, an inversion procedure based on a rigorous model of diffraction is mandatory. Performances of ODTM in terms of resolution and its capability to reconstruct objects with strong slopes and high permittivity contrasts show that it is potentially an interesting alternative to classical optical profilometry based on Mirau, Linnik, or Michelson interferometers.
A preliminary study of the applicability of ODTM to profilometry in the resonance domain has been presented in a previous paper [12] . The importance of using a rigorous method for calculating the scattered field has been stressed, and it has been shown that ODTM can be applied when high lateral resolutions are required. The discussion was made only for surfaces illuminated under TE polarization (electric component perpendicular to the plane of incidence). In this paper we extend the study to both polarization cases. We have developed an inversion algorithm for the TM polarization (magnetic component perpendicular to the plane of incidence) in the perfectly conducting case. We show that better reconstructions with increased resolution can be obtained when the data measured for both polarizations are processed by inversion algorithms accounting for TE and TM cases. We show in particular that the best results are obtained when the profile reconstructed in TE polarization is used as a starting estimate for the inversion algorithm in TM polarization. We also give a physical interpretation of the superresolved reconstruction reached in the multiple scattering regime. In particular, we analyze the role of the distance of interaction between the scatterers on the surface in the far-field measurement.
In Section (2) we describe the scattering problem and we present the geometry considered. Section (3) is devoted to the description of the boundary integral equation method used for calculating rigorously the field scattered by rough surfaces in TE and TM polarizations. The numerical iterative algorithm used for reconstructing the surface profile from the scattered field is described in Section (4). In Section (5) we present the results of numerical simulations. We analyze the influence of the distance of interaction between the scatterers on the subwavelength resolution obtained in the multiple scattering regime. We present some numerical reconstructions of randomly rough surfaces. Robustness against the presence of noise in the data as well as against errors of positioning angles of detection are also reported.
DIRECT SURFACE WAVE SCATTERING PROBLEM
For the scattering of an electromagnetic wave from a rough surface at a given pulsation ω, when the surface height and the incident field share an invariance direction, two fundamental polarization cases appear, which correspond to two independent scalar two-dimensional scattering problems. These problems are denoted TE and TM, depending on whether the electric field or the magnetic field is set parallel to the invariance direction. In this paper, this direction fits the y axis of a Cartesian coordinate system x; y; z of origin O and thus xOz in the plane of incidence.
Assume that a surface Γ : z ηx characterized by its variation of the height η : x → ηx is successively illuminated from air, the incident medium, by L different beams centered on angles θ l and for each illumination l the scattered far field is measured for M different angles of detection θ m . All beams share the same width, defined by the so-called tapering parameter g [13] . In the far field, with a time dependency e −iωt and wavenumber k ω c 2π λ , at point r m x m ; z m jr m j sin θ m ; jr m j cos θ m in vacuum along the direction θ m , the scattered field writes as a cylindrical wave:
The complex amplitude of this field is proportional to the socalled scattering amplitude sθ m ; θ l s ml , which depends on both the illumination angle θ l and the detection angle θ m . The direct surface scattering problem corresponds to the calculus of the complex-valued array s : ml → s ml for a given profile η : x → ηx. The inverse surface profiling consists in determining at best the roughness η : x → ηx from the knowledge of the scattering amplitudes s : ml → s ml .
For an arbitrary rough surface, there exists no rigorous analytical solution for the direct surface wave scattering problem. Approximate models [14] , based on simplifying physical assumptions, have first been developed, starting with Rayleigh for sound waves on gratings in the late nineteenth century. A commonly used theory is the so-called physical optics, where single scattering is assumed. It is in fact a family of models that share a similar form for the scattering amplitude
with Q x ksin θ m − sin θ l and Q z kcos θ m cos θ l .
The geometrical coefficient Nθ m ; θ l varies with the nature of the wave and of the scattering medium. Its expression depends on the physical assumptions on which the derivation is based: small height-to-wavelength ratio, small slope, tangent plane approximation, and so on. The key point with Eq. (2) is that Nθ m ; θ l is independent of the roughness η. If a supplementary paraxial approximation Q z 2k 4π ∕ λ is assumed, the integral in Eq. (2) arg f x is retrieved. This simple inversion technique is used in most holographic or phase microscopy experiments. In this case, the transverse resolution is easily estimated from the spatial frequency span off , which is accessible with the given illumination and detection angles. The resolution is tied to the single scattering assumption.
Most frequently, natural surfaces at optical wavelength are outside the validity domain of the physical optics. Multiple scattering does occur, and the relation between the profile η : x → ηx and the scattering amplitude s : ml → s ml becomes much more complicated and cannot be directly inverted. This link can be mathematically represented by a nonlinear operator F, the direct or forward scattering operator:
This operator has no explicit expression, even if the direct surface wave scattering problem can nowadays be solved without any physical assumption by numerical methods [11, 15, 16] such as the boundary integral equation method (BIE) [13] or the finite element method. The principle of the BIE is a good illustration of the implicitness of operator F. Following the BIE, the total field ψ l and its normal derivative ∂ n ψ l on the profile are the solutions of a boundary integral equation whose right-hand side is the incident field ψ inc l on the profile. Once this equation is solved for a given incident angle θ l , the scattering amplitude can be computed via a scattering formula for any scattering angle θ m . The BIE is now a wellestablished method, and its numerical implementation for one-dimensional surfaces is for instance documented in [13] .
BIE
We now detail these operators in the BIE context. With ψ inc r; θ l ψ inc l r, the incident field for angle θ l , the total field writes ψ l r ψ inc l r ψ sca l r. The scattering amplitude s ml is related to the value of the total field on the profile and its normal derivative ∂ n ψ n · gradψ through scattering formula
wheren denotes the unit vector normal to the profile and directed toward air. The total field on Γ and its normal derivative are the two surface unknowns of an integral equation: for any points r 1 and r 2 of Γ,
with Gr 1 ; r 2 iH 0 kjr 2 − r 1 j ∕ 4 the two-dimensional free space Green function and H 0 the first kind Hankel function of zero order. The second equation required for solving the problem is provided by the boundary condition on Γ and depends on the nature of the scattering medium and, for twodimensional problems, on the polarization case. The surface is assumed to be perfectly conducting, first for simplicity and second because, for such surfaces, the difference between the polarization cases is the most marked. Here the Dirichlet boundary condition corresponds to TE case, while the Neumann boundary condition is related to TM case:
A single surface unknown remains: the surface current. The discretization method and the numerical resolution of Eq. (5) with condition Eq. (6) are detailed in [13] . The BIE is the numerical solution of a rigorous electromagnetic wave scattering theory. It includes all multiple scattering with no simplifying assumptions. The BIE constitutes a rigorous direct model. Thus, solving Eq. (5) with Eq. (6) for a given profile η and applying Eq. (4) is equivalent to applying F on η.
INVERSE SURFACE WAVE SCATTERING PROBLEM
In the general case, the link F : η → s Fη between the profile η : x → ηx and the scattered field s : ml → s ml is nonlinear. The inversion problem is then generally recasted as an optimization problem. In this section we describe the NewtonKantorovitch (NK) method [17] used to solve the nonlinear equation relating the data set of scattering amplitudes to the surface Γ. The NK method builds up iteratively the solution of Eq. (3) by successively solving the forward problem and a local linear inverse problem. At each iteration step n, an estimate of the surface profile function is given by
where δη n is an update correction that is obtained by solving in the least-squares sense the linearized forward problem
with s n−1 the scattered far field associated to the best available estimation of the surface η n−1 , while D n−1 is the Fréchet derivative of F at η n−1 .
For this local inverse problem, we make use of the Fréchet derivative D of operator F at a given height η. It links a variation δη : x → δηx of the profile η to the first-order variation δs : ml → δs ml of the scattering amplitude:
The important point is that D is a linear operator. Its detailed derivation for electromagnetic waves and from the reciprocity theorem can be found in [18] . In the present case, the Fréchet derivative D of F writes as a curvilinear integral, whose expression depends on the polarization. It appears that δs ml δsθ m ; θ l , the scattered field in direction θ m for an incidence angle θ l , can be estimated from the surface currents ψ l or ∂ n ψ l related to incident θ l but also involves the surface currents ψ −m or ∂ n ψ −m of the adjoint forward problem where the same surface is illuminated under incident angle −θ m . For the two polarization states, we have
In the TM case, ∂ t ψ t · gradψ denotes the tangential derivative of the total field on the profile. Once the Fréchet derivative D is determined, the updated correction of the surface, which is the solution of Eq. (8), is obtained in the sense of the least mean squares. This solution minimizes the cost functional of the form
Unfortunately, the problem of finding the solution of Eq. (8) is ill posed and needs regularization. This is achieved by minimizing a cost functional of the form
where μ 2 is the regularization parameter and R is the regularizing operator. Two operators have been studied for several examples, R I which corresponds to the minimum norm solution of F described in Eq. (13) and R S the second order of the standard Tikhonov regularization [19] . Better results have been obtained by mixing both choices. Instead of minimizing the cost functional of Eq. (13), we use a mixture of zero-and second-order standard Tikhonov regularization and we minimize a cost functional of the form
Equivalently, the minimum of F of Eq. (14) is the solution of the algebraic equation
where D † stands for the adjoint of D and μ 2 is the regularization parameter, which does not vary during the iterative process. I is the identity operator and S is the second-order derivative operator. The real α is the mixing parameter between the zero-and the second-order Tikhonov regularization, and its value is fixed to 0.95 for all numerical examples studied in this paper.
In practice, the regularization parameter μ 2 is chosen by trial and error. For the numerical experiments reported here, μ 2 takes the value that gives the lowest value of the cost function at the end of the iterations. This also corresponds qualitatively to the best reconstructions of the profiles.
NUMERICAL RESULTS
In the numerical study the wavelength is set to the optical wavelength of λ 633 nm. The surfaces are illuminated under an incidence angle varying from −45°to 45°with a 9°step. The scattered field is collected at detection angles between −45°and 45°with a 1°step. These conditions are representative of the experimental characteristics of ODTM setups used for microscopy applications [7, 10] . With such angular ranges, the Rayleigh criterion for resolution is λ ∕ 4 NA 223 nm with NA 0.71 the numerical aperture. The considered surface is 10 μm long and consists in two identical bumps of width 80 nm and height 140 nm with a center-to-center of 200 nm. The bumps are positioned at abscissas 500 and 700 nm. The center of the illumination beam is at the origin of x axis. Data for both polarizations are generated according to Eqs. 4 and 5 with boundary conditions Eq. 6, where the integral equations are cast into matrix-vector equations. In addition we used different mesh sizes for generating and inverting the data: the number of points on the profile is 4096 for the forward problem and 1024 for the inverse problem. The numbers of incident and diffracted angles are L 11 and M 91, respectively. The inversion process is stopped when convergence is reached, here after 600 iterations.
First, we apply the NK algorithm to the TE-polarized synthetic data from the two-bump profile, with the plane η 0 as initial guess and for several values of the Tikhonov parameter μ 2 TE . The reconstructed profiles are plotted in Fig. 1 Figs. 1(c) and 1(d) ], the problem is too strongly regularized and superresolution is lost, with performance comparable to that of methods based on single and paraxial scattering assumptions, such as the Fraunhofer approximation. Thus, the range of the regularization parameter μ 2 TE for which superresolution is reached in TE polarization when the plane is used as initial guess is 10 7 ; 10 8 .
We now shift to the TM polarization case. It appears that synthetic data cannot be inverted in this polarization case when starting from the bare plane η 0. We also tried to use the Fraunhofer estimate as initial guess, but the Tikhonov parameter μ 2 TE for regularization has to be set precisely for the iterative process to converge. A considerable improvement is obtained when the surface profile retrieved in TE illumination is used as an initial guess for the inversion in the TM polarization case. Here, the TM-inverted surface depends on two regularization parameters: the value μ 2 TE used to produce the initial guess from TE-polarized data and the value μ 2 TM used to regularize the TM problem. All pairs μ 2 TE ; μ 2 TM for ranges μ 2 TE ∈ 10 5 ; 10 12 and μ 2 TM ∈ 10 7 ; 10 14 have been tested, and the best reconstruction is obtained for μ 2 TE 10 8 and μ 2 TM 10 9 . As one can see in Fig. 2(b) , the retrieved bumps for TM polarization are separated, with the retrieved height between the two bumps being close to 0. The rendering of the bases of the bumps is of much higher quality for that polarization case. The TE inversion is undoubtedly outperformed by the TM inversion in terms of resolution and general performance. We now discuss this result. The presence of multiple scattering for bumps as high as 140 nm, and its modelization in the iterative method, can explain why profiles are retrieved with superresolution [8, 9] . However, the different behavior between TE and TM polarizations has to be commented. The comparison between the supports of the spectral densities of the surface currents, namely ∂ n ψ in the TE case and ψ in the TM case, show that (see Fig. 3 ), in TM polarization, higher frequencies can be retrieved. They have been normalized to share the same value at null frequency. However, without any other consideration, this would explain the obtained higher TM resolution only in the near field, since in the far field, spatial frequencies larger than the electromagnetic wavenumber are filtered. In order to better understand the role of multiple scattering in superresolution, we study the distance of interaction between two points of the surface. In integral Eq. 5, this distance of interaction jr 1 − r 2 j appears explicitly in the Green's function. Thus, in the forward scattering problem, it is possible to suppress the interactions at a distance larger than a chosen value d. The associated scattered field is denoted s ml d, while s ml denotes the rigorous scattered field, which includes all interactions on the surface. We express the so-called field difference parameter FD, FDd P m;l js ml − s ml dj
as a function of the interaction range d. This parameter is plotted in log scale as a function of d for the two polarization cases [see Fig. 4(a) ]. The results show a quite chaotic behavior from 0 to 300 nm, when near interactions are the strongest. A monotonic region between 300 and 5.5 μm is observed, but the TE curve decreases much faster than the TM curve. The values of FD finally vanish shortly before d 6 μm, which roughly corresponds to the width of the beam footprint. This numerical experiment shows that the scattered field is much more sensitive to the far interactions between surface points in the TM case. These long-range interactions are responsible of the coupling of the high-frequency components of the surface currents into the low-frequency components that are collected by the detector. This effect appears to be stronger in TM polarization. Another numerical experiment can be done by filtering the high spatial frequencies of the surface. If k c denotes the cut-off spatial frequency and s ml k c the associated scattered field from the smoothed profile, the field difference can be expressed as a function of k c :
This field difference FDk c in the two polarization cases has been computed for cut-off frequencies up to 125 rad · μm −1 in Fig. 4(b) . The TM field appears to be more sensitive to the intermediate spatial frequencies of the profile over the range 4 rad · μm −1 ; 40 rad · μm −1 . Stronger sensitivity to spatial frequencies higher than 40 rad · μm −1 is not necessarily a good point for TE inversion: on one hand, these frequencies are far too high to be inverted, and on the other hand, they will be the first to be covered by noise in experimental data. Eventually, the behavior of the field difference at low cut-off frequency can explain the sensitivity of the NK algorithm to the initial guess when applied to surface scattering in the TM case. From zero to k c 4 rad · μm −1 , the TE curve is quickly decreasing, indicating its response to the lowest frequencies of the surface profile. On the same range, the TM curve is increasing. TM inversion is not adapted for retrieving the largest wavelengths of the profile that have to be supplied through the initial guess. Here we illustrate the sensitivity of the TM inversion to the initial guess by fixing the TM regularization parameter to the previously found optimal value μ 2 TM 10 9 and by varying the TE parameter μ 2 TE , which impacts the TM starting value of η. The four plots of Fig. 2 represent the profiles retrieved from TM data using the four TE profiles of Fig. 1 to be used as initial estimate for the TM inversion, the TE computation can be slightly overregularized. However, Fig. 2(d) shows that, when the initial guess is too strongly regularized, namely μ 2 TE 10 11 , the method fails: here regularization suppresses a too large part of the profile spatial frequencies from the initial guess and prevents the TM inversion process to converge.
To check the robustness of the NK inversion method with respect to the presence of noise in the scattered field, a complex white noise is added to data. For each independent polarization and for a given signal-to-noise ratio (SNR), the noise is proportional to the amplitude of the real and imaginary parts of the scattered field. In order to maximize robustness to noise, we choose as parameter for the initial guess μ 2 TE 10 9 μ 2 TM that corresponds to the most regularized TE solution, which ensures the convergence of the TM inversion toward the actual profile when the data are free of noise. In Fig. 5 , four values of the SNR are studied and applied to both TE and TM data. Inversion is very good for an SNR of 35, with no impact of the noise [ Fig. 5(a) ]. The inverse method shows a strong robustness to noise for an SNR of 15 and 7 [Figs. 5(b) and 5(c)]. The algorithm still converges for an SNR as low as 5 [ Fig. 5(d) ], but not toward the actual twobump profile: the retrieved profile shows important oscillations on its right side, and the right bump has vanished. If the left bump is correctly inverted, a fake hole and a supplementary bump appear on its left side. However, good results for an SNR of 7 or larger demonstrate the possible use of our inverse model on experimental data.
We have also tested the robustness of the reconstruction against errors of positioning angles of detection. For this purpose, we have performed numerical experiments with random errors on detectors' positions. Results have shown that reconstructions are not affected by a random angular error of 0.2°, which is an accuracy that can be easily reached with commercial rotation stages. This can be explained by the fact that the number of measured data is much higher than the number of unknowns in the inverse problem. In order to confirm the versatility of our approach, we present the inversion of a rough surface of long length. Its height root mean square is 60 nm, and its correlation length is set to ℓ 100 nm. A normal height distribution and a Gaussian height spectrum are given to the roughness. With a slope root mean square that corresponds to an angle of 40°, this surface is far too rough to be inverted under the Fraunhofer approximation [12] . The profile is 60 μm long and sampled with 4096 points to compute the scattered field, which corresponds to data. Angles of incidence and scattering are the same as for the two-bump profile. For the inversion, the estimated profile is also 60 μm long but counts only 2048 points. In Fig. (6) , three reconstructions are reported and compared to the actual profile. The two first ones are obtained using solely TE and TM data, respectively, with the plane as initial guess, while for the third plot, the TE reconstruction is used as initial guess for TM inversion. The profile being too long to be shown clearly on a single plot, three views are presented. It appears that the TE reconstruction made with the plane as initial guess fails to retrieve the high spatial frequencies of the profile. The TM reconstruction made with the same initial guess fails to retrieve the low frequencies of the profile presents spurious peaks in the intermediate region of the profile and seems to be blind to its edges. When the reconstruction is made in TM polarization with the profile reconstructed in TE polarization as initial guess, the solution is much closer to the actual profile. The comparison is also brought to the Fourier space in Fig. 7 . One can see that the low frequencies are better reconstructed in the TE case while the high frequencies are better retrieved in the TM case when the reconstructed surface obtained in TE polarization is used as starting solution.
These results show the importance of using both polarization cases for obtaining accurate and high resolution reconstructions.
CONCLUSION
In this paper we have presented an inversion method for reconstructing the profiles of rough perfectly conducting surfaces in the resonance domain from measures of the scattered field in TM polarization. We have shown that a strong improvement of the resolution can be obtained when the reconstructed surface obtained in the TE case is used as starting solution of the iterative reconstruction algorithm in TM polarization. We have also shown that a resolution beyond the Abbe-Rayleigh criterion can be reached when multiple scattering occurs within the surface. We have given a physical interpretation of the results by considering the distance of interaction between the scatterers on the surface. We have shown in particular that this distance is longer in the TM polarization than in the TE one, and we have studied its influence on the coupling between the spatial frequencies of the scattered field. Reconstructions of randomly rough surfaces have been presented. The robustness of the inversion method against noise and against angular errors of the detector's position have been also addressed.
The results presented in this paper are a step toward the development of a new optical profilometry technique that can deal with rough surfaces having strong slopes and strong roughness that cannot be characterized with the standard methods based on Linnik or Mirau interferometers. TM 10 14 ) data and with as initial guess the final result of the reconstruction using TE (μ 2 TE 10 9 ) case.
